In this paper, we concern with a 2nth-order discrete system. Using the critical point theory, we establish various sets of su cient conditions for the existence of periodic solutions with prescribed minimal period. To the best of our knowledge, this is the rst time to discuss the periodic solutions with prescribed minimal period for a 2nth-order discrete system.
Introduction
Below N, Z, R denote the sets of all natural numbers, integers and real numbers, respectively. * denotes the transpose of a vector. [·] is denoted by the greatest-integer function. Let a, b ∈ Z, we de ne Z(a) = {a, a + , · · · } and when a < b, Z(a, b) = {a, a + , · · · , b}. In this paper, we shall study the 2nth-order discrete system ∆ n u k−n = (− ) n f (k, u k ), n ∈ Z( ), k ∈ Z, (1.1)
By establishing a proper variational framework and using the critical point theory, Chen and Tang [3] established some new existence criteria to guarantee the 2nth-order nonlinear di erence equation containing both many advances and retardations ∆ n r k−n ∆ n u k−n + qn u k = f (k, u k+n , · · · , u k , · · · , u k−n ), n ∈ Z( ), k ∈ Z, has at least one or in nitely many homoclinic orbits. Their conditions on the potential are rather relaxed and some existing results in the literature are improved.
Leng in 2016 considered the 2nth-order di erence equation with ϕc-Laplacian
where n is a xed positive integer, ∆ is the forward di erence operator ∆u k = u k+ − u k , ∆ n u k = ∆(∆ n− u k ), r k is real valued for each k ∈ Z, ϕc is a special ϕ-Laplacian operator de ned by
are T-periodic in k for a given positive integer T. By using the critical point theory, some new criteria for the existence and multiplicity of periodic and subharmonic solutions are established.
In the aforementioned references, most of the results are periodic solutions or homoclinic orbits of di erence equations. Yu, Long and Guo [4] established some existence criteria to periodic solutions with prescribed minimal period of second-order di erence equation
by making use of the variational methods.
Existence of solutions of higher-order nonlinear di erential equations has been the subject of many investigations [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Di erence equations, the discrete analogs of di erential equations, occur widely in numerous settings and forms, not only in mathematics itself but also in several economical and population problems. However, to the best of our knowledge, this is the rst time to discuss the periodic solutions with prescribed minimal period for a 2nth-order discrete system [1] [2] [3] [4] [16] [17] [18] [19] [20] [21] [22] . The di culty lies in the fact that there are very scarce techniques to study the existence of periodic solutions with prescribed minimal period. The purpose of this paper is to establish various sets of su cient conditions for the existence of periodic solutions with prescribed minimal period to a 2nth-order nonlinear discrete system. The main approach used in our paper is a variational technique. The motivation for the present work stems from the recent papers [18, 20] .
Set
The rest of this paper is organized as follows. Firstly, in Section 2, we shall establish the variational framework associated with (1.1) and reduce the existence of periodic solutions of (1.1) to seeking the existence of critical points of the corresponding functional. Then, in Section 3, we shall give auxiliary results which will be of fundamental importance in proving our main results. Finally, in Section 4, we shall prove the existence results by using the variational methods.
To conclude the Introduction, the reader is referred to [23] [24] [25] for the general background on di erence equations and [26] for the basic knowledge of variational methods.
Variational framework
The purpose of this section is to establish the variational framework associated with (1.1) and to state some basic notations for the coming discussion.
Let U be a pT-dimensional Euclidean space consisting of functions Z → R and for any k ∈ Z,
and an inner product
Let us consider a functional J de ned on U as follows
It is obvious that J ∈ C (U, R) and for any u ∈ U, we can calculate
As a consequence, u is a critical point of J(u) on U if and only if
It is easy to know that the eigenvalues of M are λ k = sin kπ pT , k = , , , · · · , pT − , 0 is an eigenvalue of M and min{λ , λ , · · · , λ pT− } = sin π pT , max{λ , λ , · · · , λ pT− } ≤ .
Let K = ker M = {u ∈ U|Mu = } , and the eigenvectors of M corresponding to λ k by µ i = cos iπ pT , cos iπ · pT , · · · , cos iπ · pT pT * , i = , , · · · , pT − , and ν i = sin iπ pT , sin iπ · pT , · · · , sin iπ · pT pT * , i = , , · · · , pT − .
We de ne A = span {µ i }, i = , , · · · , pT− , and B = span {ν i }, i = , , · · · , pT− . If pT is odd, then U = K ⊕ A ⊕ B. For any u ∈ U and k ∈ Z,
where a, b, a i and b i are constants. If pT is even, then 4 is the eigenvalue of M. Let ξ be the eigenvector corresponding to 4, and D = span {ξ }. We have U = K ⊕ A ⊕ B ⊕ D. For any u ∈ U and k ∈ Z,
where a, a i and b i are constants. Now, we give the existence results of at least one periodic solution with minimal period pT as follows. (F ) there exist three constants η > and ϵ > ε > such that
(F ) if u is a solution of (1.1) with a minimal period ϕT, ϕ is a rational number, and f (s, u) also has a minimal period ϕT, then ϕ must be an integer;
(F ) let p > be a given positive integer and lp denote the least prime factor of p, then there is P > such that for any prime integer p > P, (1.1) has at least one periodic solution with minimal period pT. 
Auxiliary results
In this section, we shall give auxiliary results which will be of fundamental importance in proving our main results. Let Br denote the open ball in U about 0 of radius r and ∂Br denote its boundary. 
